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Calculations of Low-Reynolds-Number Resistojet Nozzles

Suk C. Kirn*
Sverdrup Technology, Inc., Brook Park, Ohio 44142

Calculations are made for low-Reynolds-number resistojet nozzles using a full Navier-Stokes code. To study
the effects of viscous and divergence losses on performance, flowfields and specific impulses of hydrogen resisto-
jet nozzles with various lengths and shapes, such as 20-deg, 30-deg half-angle conical nozzles and a contoured
nozzle, are calculated and compared with each other. The calculated results for these nozzles with a throat Rey-
nolds number of 1150 are presented as Mach-number contours, centerline variations of Mach number and static
temperature, exit profiles of Mach number and axial velocity, and axial variations of vacuum specific impulse.
The present calculations show that the vacuum specific impulse of the 30-deg half-angle conical nozzle is the
highest among those of the three nozzles. Calculations are also made for a nozzle with a throat Reynolds number
of 270 to validate the code and the results agree reasonably well with the experimental data.

Nomenclature
e = total internal energy
F, G = inviscid fluxes
FV9 Gv = viscous fluxes
H = source term
lyp = specific impulse [see Eq. (3)]
k = thermal conductivity
m = mass flow rate, kg/s
p = pressure, Pa
q = heat flux
Ret - throat Reynolds number [see Eq. (2)]
rt = throat radius
T = temperature, K
t = time
u = axial velocity, m/s
v = radial velocity, m/s
x, r, 6 = cylindrical coordinates
|x = laminar viscosity
p = density, kg/m3

T = shear stress
cr = normal stress
Subscripts
c = centerline
e = exit
o = stagnation or chamber
t = throat
w = wall

Introduction

ELECTROTHERMAL thrusters, such as arcjets and resistojets,
have potential for high performance. In particular, resistojets

can be used on geostationary satellites for attitude control and
north-south stationkeeping which require a thrust less than 0.4 N.
To generate such low thrusts, resistojets are designed to operate at
low chamber pressures and have small nozzle dimensions. These
restrictions result in low Reynolds numbers of the flows, therefore,
the viscous losses are significant in these thruster nozzles. In
designing a nozzle with a given area ratio, the reduction of the noz-
zle length can decrease the viscous loss but increase the divergence
loss due to the increase in the exit angle of the nozzle; thus, there
are two competing losses, viscous loss and divergence loss.

In the past, study of low-Reynolds-number flow has been made
for supersonic nozzles,1'2 nozzles for chemical laser,3"5 low-den-
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sity hypersonic nozzles,6'7 and nozzles with various contours.8 u It
was found in these studies that the viscous layer inside the nozzle
becomes thicker as the Reynolds number decreases and the flow
inside the nozzle becomes fully viscous at very low Reynolds
number. It was also found in these studies that bell-shaped nozzles
tend to be lower in efficiency than 20-deg and 25-deg half-angle
conical nozzles at low Reynolds numbers. An excellent summary
of previous studies can be found in Ref. 11. An experimental study
made previously on the performance of 15-deg, 20-deg, and 25-
deg half-angle conical nozzles, bell nozzles, and trumpet nozzles
showed that the trumpet and 25-deg half-angle conical nozzles
perform slightly better than the other nozzles, but it was unclear
which is superior as all fell within the experimental error band.11

The recent experimental results for performance and endurance of
multipropellant resistojets for an auxiliary propulsion system of
the space station can be found in Refs. 12 and 13.

In designing a rocket nozzle for a given area ratio, the Rao noz-
zle optimization code,14 which is based on the inviscid flow
assumption, is widely used to obtain the optimum nozzle wall con-
tour. But the bell-shaped nozzle whose wall contour is obtained
from the Rao code may not give the highest specific impulse at
low-Reynolds-number flow conditions because the Rao code uses
the methods of characteristics (MOC), neglecting the viscous loss
which is significant at low Reynolds number. Thus, accurate per-
formance prediction of low-Reynolds-number resistojet nozzles
with various shapes and lengths is needed to select the length and
shape of the nozzle which gives the highest performance value for
a given area ratio.

For performance prediction of rocket nozzles, the Joint Army,
Navy, NASA, Air Force (JANNAF) two-dimensional kinetics
code with a boundary-layer module (TDK/BLM) has been com-
monly used. But it has difficulties in predicting the performance of
low-Reynolds-number nozzles because it solves the flowfields by
the methods of characteristics with a boundary-layer correction.15

For the calculations of low-Reynolds-number nozzle flows, some
investigators have used the Rae code,2 which is based on the slen-
der-channel approximation of the Navier-Stokes equations, but it
has limitations due to the use of the boundary-layer assumptions.

In the present study, a full Navier-Stokes code, the RPLUS
code, is used to calculate the flowfields of low-Reynolds-number
nozzles. The code, which was developed at NASA Lewis Research
Center,16 employs an implicit finite volume, LU-SSOR scheme to
solve the full Navier-Stokes equations and the species equations in
a coupled manner, and has been previously used to calculate H2/O2
thruster flowfields,17'18 high-area-ratio H2/O2 orbital transfer vehi-
cle performance,19 and nuclear thermal rocket flowfields.20'21

To study the two competing losses, the viscous loss and the
divergence loss, the flowfields and performance values of hydro-
gen resistojet nozzles with various lengths and shapes, such as 20-
deg, 30-deg half-angle conical nozzles and a contoured nozzle
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whose wall contour is obtained from the Rao code, are calculated
and compared with each other. Thesejiozzles have an area ratio of
82 and will be called the resistojet nozzles. For the validation of
the present code, flowfields of a very low-Reynolds-number nozzle
are calculated and compared with the experimental data obtained
by an electron-beam technique.1 This nozzle has an area ratio of 66
and will be called the Rothe nozzle.

Numerical Method
The Navier-Stokes equations for axisymmetric laminar flow

can be written as follows:

= tl (1)
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Fig. 1 Wall contours of various resistojet nozzles.
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In the RPLUS code, the lower-upper symmetric successive
overrelaxation (LU-SSOR) scheme22 is used to solve the above
equations. The LU-SSOR scheme employs an implicit Newton
iteration technique to solve the finite volume approximation of the
steady-state version of the governing equations. Detailed descrip-
tion of the LU-SSOR scheme can be found in Refs. 16 and 22. In
the code, the specific heat, thermal conductivity, and viscosity are
given as fourth-order polynomials of temperature and the co-
efficients of these polynomials are valid up to a temperature of
6000 K.

Nozzle Geometry

Resistojet Nozzles
The hydrogen resistojet nozzles calculated in the present study

are 20-deg and 30-deg half-angle conical nozzles and a contoured
nozzle whose wall contour is obtained from the Rao code. The area
ratio of the nozzles is 82 and the throat radius is 0.42 mm. These
nozzles have a thrust level of 0.12 N and their throat Reynolds
numbers are 1150 for the chamber temperature of 1500 K and the

chamber pressure of 0.15 MPa. The throat Reynolds number Ret is
defined as

Ret = 2m/n\i0rt (2)

The radii of curvature upstream and downstream of the throat
are 1.5 times the throat radius and the area ratio at the inlet is 2.25.

Figure 1 shows the wall contours of various hydrogen resistojet
nozzles. As shown in this figure, the throat and exit radii of the
three nozzles are all the same, but the nozzle lengths and wall con-
tours are different from each other. The throat is located at x = 1.23
mm, and the total length of the nozzle ranges from about 7.2 mm
for the 30-deg half-angle conical nozzle to 12.3 mm for the con-
toured nozzle. Immediately downstream of the throat, the expan-
sion of the contoured nozzle is the most rapid of the three nozzles;
then, its expansion angle decreases to 7.85 deg at the exit.

Rothe Nozzle
The Rothe nozzle is a very low-Reynolds-number nozzle with

an area ratio of 66 and it uses nitrogen as a propellant. It is a 20-
deg half-angle conical nozzle and its length and throat radius are
56 and 2.55 mm, respectively. The radii of curvature upstream and
downstream of the throat are the throat radius, and the area ratio at
the inlet is 2.25. The throat Reynolds number for the chamber tem-
perature of 300 K and the chamber pressure of 474 Pa is 270. The
experimental data for the Rothe nozzle are available and they were
obtained by an electron-beam technique.1 In the experiment, the
density and rotational temperature were measured and the ambient
pressure was 1.5 Pa.

Boundary Conditions
In the present study, it is assumed that the inflow total enthalpy

and total pressure are constant at the nozzle inlet where the area
ratio is 2.25. The inlet radial velocity is assumed to be zero and the
inlet axial velocity is obtained by extrapolation from the interior;
then, the static temperature at the inlet is obtained from the inflow
total enthalpy and the inlet axial velocity, and the static pressure
and density at the inlet are obtained from the isentropic relation
and the equation of state, respectively.

At the exit of the nozzle where the large portion of the flow is
supersonic, all dependent variables are extrapolated from the inte-
rior. For the low-Reynolds-number nozzle, some portion of the
exit flow near the nozzle wall is subsonic. In the subsonic region at
the exit, the static pressure should be specified as a boundary con-
dition but it is unknown for the nozzle operating in space where
the ambient pressure is near zero and the flow expands around the
nozzle lip and into the region upstream of the nozzle exit plane.
Thus in the present study, the extrapolation is also used in the sub-
sonic region at the exit. Fortunately, the effect of ambient pressure
on the vacuum specific impulse of low-Reynolds-number nozzle is
found to be very small as long as the ambient pressure is suffi-
ciently low that the flow does not separate and a shock wave does
not exist in the nozzle.23'24
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Fig. 2 Mach-number contours for various resistojet nozzles.
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Fig. 3 Axial variations of centerline Mach number.

For the present nozzles, the Knudsen number, which is defined
as the ratio of the mean free path to the characteristic length, is rel-
atively high near the exit; thus, the flow is near-rarefied and there
can be a velocity slip at the nozzle wall. In the present study, how-
ever, the no-slip condition is used at the wall, and the wall is
assumed to be adiabatic. At the axis of symmetry, the radial veloc-
ity and the radial derivatives of the other dependent variables are
set to be zero.

Results and Discussion
The calculations are made with a 240 x 60 grid. A very small

uniform axial grid size is used from the inlet to some distance
downstream of the throat, after which the grid spacing increases.
The radial grid size becomes finer near the wall.

Resistojet Nozzles
Calculations are made for the chamber temperature of 1500 K

and the chamber pressure of 0.15 MPa. The throat Reynolds num-

ber of the resistojet nozzles at these chamber conditions is 1150
and hydrogen is used as a propellant. To check the global conser-
vation of the present solutions, the mass fluxes at all axial stations
are calculated and compared with the inflow mass flux. The results
show that the overall error in mass conservation is never more than
± 0.28%, which is adequate for most engineering estimates. The
mass flux errors at the exits of the 20-deg and 30-deg half-angle
conical nozzles are less than 0.042%, whereas that of the con-
toured nozzle is 0.132%.

Figure 2 shows the Mach-number contours for various resistojet
nozzles from the present calculations. As seen from Fig. 2, the sub-
sonic inflow rapidly accelerates through the converging-diverging
nozzle to become supersonic and the viscous layers along the noz-
zle walls are very thick. Because of the smaller viscous loss due to
the shorter length of the 30-deg half-angle conical nozzle, the vis-
cous layer of the 30-deg half-angle conical nozzle at the exit is
thinner than those of the other two nozzles. Due to the significant
viscous effect, about 70% of the exit radius is the viscous layer for
the contoured nozzle, which is the longest among the three noz-
zles. Because of the rapid expansion just after the throat and subse-
quent gradual expansion, compression waves are formed near the
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Fig. 4 Axial variations of centerline static temperature.
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inflection point of the diverging section of the contoured nozzle
and strike the centerline, as seen from Fig. 2.

Figures 3 and 4 show the Mach number and static temperature
variations along the centerlines of the various nozzles. As seen
from Fig. 3, the centerline Mach numbers of the 20-deg and 30-
deg half-angle conical nozzles increase through the converging-
diverging nozzles, while that of the contoured nozzle increases
until x = 6.5 mm and then decreases due to the presence of the
compression waves. The centerline Mach number of the contoured
nozzle near the nozzle throat is the largest among those of the three
nozzles due to the more rapid expansion of the contoured nozzle
after the nozzle throat than those of the two conical nozzles. At the
exits of the nozzles, the centerline Mach number of the 30-deg
half-angle conical nozzle is 5.8, while those of the 20-deg half-
angle conical and contoured nozzles are 5.1 and 4.1, respectively.
The static temperature variations along the centerline show the
same trends as those of the Mach number as seen from Fig. 4.

Figure 5 shows the Mach-number profiles at the exits of the var-
ious resistojet nozzles. As seen in this figure, the nozzle wall vis-
cous layers are very thick and the exit Mach number of the 30-deg
half-angle conical nozzle is the largest whereas that of the con-
toured nozzles is the smallest among those of the three nozzles.
The exit static temperature profiles show the same trends as those
of the Mach number as seen from Fig. 6. Figure 7 shows the axial
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Fig. 6 Exit static temperature profiles.
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Fig. 8 Exit radial velocity profiles.
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Fig. 9 Specific impulse variations with x.
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Fig. 7 Exit axial velocity profiles.

velocity profiles at the exits of various resistojet nozzles. The exit
axial velocity of the 30-deg half-angle conical nozzles is the largest
whereas that of the contoured nozzle is the smallest as seen from
this figure. Figure 8 shows the radial velocity profiles at the exits of
the various resistojet nozzles. The magnitude of the exit radial
velocity, the divergence loss, is the largest for the 30-deg half-
angle conical nozzle because the exit angle of the 30-deg half-
angle conical nozzle is larger than those of the other two nozzles.
Because of the presence of the compression waves, the exit radial
velocity near the centerline of the contoured nozzle is negative as
seen from Fig. 8.

Figure 9 shows the calculated vacuum specific impulse varia-
tions with axial distance. The vacuum specific impulse at a given
axial station is defined as

Isp (vac) = [271; I"" (p u + p) r drj / £2n;J"Vr dr (3)

where g is the standard acceleration of gravity (= 9.80665 m/s2).
The unit of the specific impulse is second which is the same as lbf -
s/lbm.
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As seen from this figure, the vacuum specific impulse of the
contoured nozzle is the highest just downstream of the throat, but
the lowest at the exit among those of the three nozzles. The highest
specific impulse of the contoured nozzle just downstream of the
throat can be explained by the fact that the increase in area ratio of
the contoured nozzle is the highest just downstream of the throat.
Even though the divergence loss of the 30-deg half-angle conical
nozzle is larger than those of the other two nozzles due to its large
exit angle, the vacuum specific impulse of 604 lbf-s/lbm, which is
the highest among the three nozzles, is obtained for the 30-deg
half-angle conical nozzle because of its shorter length, which
results in a smaller viscous loss. The calculated vacuum specific
impulses for the 20-deg half-angle conical and contoured nozzles
are 603 and 592 lbf-s/lbm, respectively. For comparison, the vac-
uum specific impulse of a nozzle with an area ratio of 82, which is
obtained by running the one-dimensional, inviscid code (CET85)25

for the present chamber conditions, is 656 lbrs/lbm.

Rothe Nozzle
The calculations are made for the Rothe nozzle with the cham-

ber temperature of 300 K and the chamber pressure of 474 Pa. The
throat Reynolds number at these chamber conditions is 270 and the
computational grid is shown in Fig. 10. Figure 11 shows the Mach-
number contour from the present calculations. As seen from this
figure, the inviscid core is very small due to the significant viscous
effect and the Mach number reaches about 4 on the centerline of
the nozzle exit.

Figures 12 and 13 show the density variation along the center-
line and the normalized density profile near the exit of the nozzle
with the experimental data. As seen from Fig. 12, the calculated
variation of the centerline density shows the same trend as that of
the experimental data, but the centerline density from the present
calculations is slightly higher than the experimental data. As
shown in Fig. 13, the normalized density profile near the exit from
the present calculations agrees reasonably well with the experi-
mental data. The discrepancy between the present solutions and
experimental data seems to be mainly due to the velocity slip at the
wall and the exit boundary condition. Inside the Rothe nozzle,
which is small in dimension and operated at an extremely low
chamber pressure, the Knudsen number is much higher than the
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Fig. 10 Computational grid for the Rothe nozzle.
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Fig. 11 Mach-number contour for the Rothe nozzle.
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Fig. 13 Density profile near the exit of the Rothe nozzle.

value for the continuum flow; thus, the flow is rarefied and there is
a slip at the nozzle wall.1

Conclusions
Calculations are made for low-Reynolds-number resistojet noz-

zles using a full Navier-Stokes code. To study the effects of vis-
cous and divergence losses on performance, flowfields and specific
impulses of hydrogen resistojet nozzles with various lengths and
shapes, such as 20-deg, 30-deg half-angle conical nozzles and a
contoured nozzle whose wall contour is obtained from the Rao
code, are calculated and compared with each other. The throat
Reynolds number and area ratio of these resistojet nozzles are
1150 and 82, respectively. Even though the divergence loss of the
30-deg half-angle conical nozzle is the largest among those of the
three nozzles due to its large exit angle, the highest vacuum spe-
cific impulse of 6041brs/lbm is obtained for the 30-deg half-angle
conical nozzle in which the viscous loss is the smallest due to its
short length. The calculated vacuum specific impulses for the
20-deg half-angle conical and contoured nozzles are 603 and 592
lbf-s/lbm, respectively. Calculations are also made for the very low-
Reynolds-number nitrogen flow in the nozzle whose throat Rey-
nolds number and area ratio are 270 and 66 to validate the code,
and the results agree reasonably well with the experimental data.
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